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S-dualities in scale invariant N = 2 supersymmetric field theories are derived by embedding 
those theories in asymptotically free N = 2 theories with higher rank gauge groups. S- 
duality transformations on the coupling of the scale invariant theory follow from global 
symmetries acting on the Coulomb branch of the higher rank theory. Since these global 
symmetries are exact in the asymptotically free theory, this shows that S-duality is an exact 
equivalence of = 2 theories and not just a property of their supersymmetric states. 
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S-duality refers to a quantum equivalence of classically inequivalent field theories. This 
equivalence often consists of the identihcation of a theory with the same theory deformed 
by an exactly marginal operator. These deformations can be viewed as transformations 
on the classical space of couplings of the theory, and the duality group is the group of 
such transformations. Since the elements of the duality group are supposed to connect 
equivalent theories, the quantum coupling space is the classical one divided by the action 
of the duality group. The paradigmatic example [jl| is the strong-weak coupling duality of 
N = 4 supersymmetric Yang-Mills theory under which theories with couplings r and — l/r 
are identihed. Since the N = 4 theory is scale invariant the exactly marginal operator 
corresponds to changing the coupling. 

This letter discusses related S-dualities for scale invariant N = 2 supersymmetric 
held theories. Up to now, the evidence for S-dualities in held theory has come from the 
spectrum of BPS saturated states and from low-energy ehective actions m. This 
evidence leaves open the possibility that the non-BPS saturated spectrum and scattering 
amplitudes at hnite momenta are not left invariant under S-duality transformations; cf. 
P]. By relating S-duality transformations in scale invariant N = 2 held theories to global 
symmetries in asymptotically free theories, I will show that these S-dualities are, in fact, 
exact equivalences of their quantum held theories. 

The basic idea is to regard the marginal couplings of the scale invariant theory as lowest 
components of vector multiplets—complex scalar “Higgs” helds—in an enlarged theory. 
Then the coupling space M. of the scale invariant theory is realized as a submanifold of the 
Coulomb branch C of the enlarged theory. Any S-duality identihcations of diherent points 
of M. are interpreted as equivalences on C. By choosing the enlarged theory appropriately, 
these equivalences on C can be made manifest as (spontaneously broken) global symmetries. 

Some elementary properties of the enlarged theory can be deduced immediately. The 
couplings of the enlarged theory must not get strong in the ultraviolet, for then we would 
have no control over the Coulomb branch for large Higgs vevs since it would depend on 
whatever physics regulates the theory at short distances. Furthermore, if the enlarged 
theory is itself scale invariant, then the couplings of the smaller scale invariant theory of 
interest will typically depend on the couplings (as well as the Higgs vevs) of the enlarged 
theory. One can hnd in this way relations among S-duality groups for different theories 
P,|[, but not the kind of derivation of S-duality that we are looking for. Thus we should 
look for asymptotically free enlarged theories for which we have exact information about 
the Coulomb branch for all values of the Higgs vevs. 

In preparation for making the argument outlined above more concrete, I hrst briefly 
describe the (conjectured) S-duality groups of the theories I will use as examples, and then 
review the exact solutions for the Coulomb branches of these models. However, it should 
be clear that this line of argument can be applied to a much wider set of models than the 
examples I treat below. In particular, it would be interesting to extend it to the series with 
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Sp{2r) gauge group, one antisymmetric and four fundamental hypermultiplets [0, as well 
as to the rich set of recently solved models with product gauge groups p. Also, although 
one cannot derive the S-duality group of = 4 theories in this way from enlarged theories 
with simple gauge groups, it may be possible to do so using enlarged theories with product 
gauge groups. Note, in this connection, that there is no requirement that the enlarged 
theory have as much supersymmetry as the scale invariant theory; in particular, one can 
flow from an = 2 supersymmetric theory to an A^ = 4 one in the infrared. 


Some N = 2 S-dualities. 

In the N = 2 theories discussed here it is convenient to dehne the coupling as r = 
^ differing by a factor of two from the usual dehnition. The N = 2 theory with 

SU (2) ~ Sp{2) gauge group and four fundamental “quark” hypermultiplets has S-duality 
groupB S'L(2,Z) 0 . The classical coupling space A4ci = {Imr > 0} is identihed under 
the transformations T : r —> r -|- 1 and S' : r ^ —1/r, giving the quantum coupling space 
A4 = M-ci/SL{2, Z). The SL(2, Z) duality group can be presented abstractly as the group 
with two generators S and T satisfying the relations S^ = {ST)^ = 1. The generators S 
and ST do not act freely on AIcZ, but have hxed points which are Z 2 and Z 3 orbifold points 
of Ad, if we assign A4ci a flat metric. The relations satished by the generators encode the 
holonomy in Ad around these orbifold points. 

Since we are free to make coordinate changes on M.ci, though the topology of Ad 
certainly has an invariant meaning, it may not be clear that the holonomies around points in 
Ad are physically meaningful. In particular, to dehne holonomies, one needs a connection. 
The existence of a natural connection on coupling space [|^ implies that these holonomies 
are physical 0. Thus the S-duality group, considered as an abstract inhnite discrete 
group is physically meaningful. 

The scale invariant N = 2 theories with a single SU, SO, or Sp gauge group and 
quarks in the fundamental (dehning) representation all have low-energy effective theories 
that are invariant under identihcations of r under a discrete group isomorphic to ro(2) C 
SL(2, Z) p,|^. ro(2) is the subset of SL{2, Z) matrices with even lower off-diagonal entry, 
or equivalently, is the subgroup of SL(2,Z) generated by T and U = ST'^ST. The only 
relation satished by these generators is 17^ = 1, thus characterizing ro(2) more abstractly 
as the group freely generated by T and U subject to the one relation = 1. Quotienting 
the classical coupling space by the S-duality group, we expect a single Z 2 orbifold point 
in the quantum coupling space at the hxed point of the U transformation; see hg. 1. An 
important feature of this duality group is that it does not remove all the ultra-strong 
coupling points (the cusp at r = 0 in the hgure) from the quantum coupling space. No 


^ I will only discuss the S-duality action on marginal couplings and not on masses or other 
operators, and so will ignore the distinction between SL{2,Z) and PSL{2,Z) in what follows. 
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Fig. 1 : Fundamental domains in the r plane of ro(2) (thick dashed lines) and 
r®(2) (thick solid lines). Weak coupling is at r = +icx) and the ultra-strong 
coupling points are at r = {0, ±1}. The domains are “folded” along the Imr 
axis and opposite edges are identihed, giving rise to Z 2 orbifold points at 
r = {i, 

weakly coupled description of the ultra-strong coupling points is known for the higher rank 
theories. 

In fact, in the form of the solution for the effective action on the Coulomb branch 
that I use below, only the Sp(2n) series has its S-duality group realized in precisely this 
way. The SU{n) and SO{n) series realize the duality group instead as the subgroup of 
SL{2,Z) generated by S and V = which I will denote by r®(2). (It is related to 
r^(2), the subset of 5'L(2,Z) matrices with even upper off-diagonal entry by a similarity 
transformation: r®(2) = T ■ r^(2) ■ T~^.) Its fundamental domain in the r plane is also 
shown in hg. 1 . Abstractly it is the freely generated group on V and S with the one relation 
5”^ = 1, and so is isomorphic to ro( 2 ). Nevertheless, the fact that the S-duality group is 
realized in these two different ways will be important below in deriving the full SL{2,Z) 
duality of the SU{2) ~ Sp{2) theory. 

Some exact solutions for Coulomb branches. 

I refer to the complex adjoint scalar component cf) of vector multiplets as Higgs helds 
and the two complex scalar components q, q of hypermultiplets as quarks. The Coulomb 
branch C is the manifold of degenerate vacua with zero quark vevs and Higgs vev in 
the complexihed Cartan subalgebra of the gauge group, breaking G U{lY where r = 
rank(G). Locally C ~ C”, and I denote its coordinates by (fa: a = 1,..., r. Note that the 
point (fa = 0 will be the scale invariant vacuum, but that moving away from it along the 
Coulomb branch to points with 7 ^ 0 spontaneously breaks the scale invariance of the 
underlying theory and generically flows to the infrared free U{lY Maxwell theory. 
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The couplings Tab of this low-energy effective U{lY theory can receive quantum cor¬ 
rections. The low-energy U{lY theory has an Sp{2r, Z) electric-magnetic duality, implying 
that the effective couplings Tab are a section of an Sp{2r, Z) bundle on C. It turns 


out that (in every known example) this Sp{2r, Z) “periodicity” of Tab can be geometrically 
encoded by taking Tab to be the complex structure (period matrix) of a genus-r Riemann 
surface E. For the models I will discuss E is hyperelliptic and so can be presented as a 
two-sheeted cover of the complex x plane described by the complex curve = P{x) where 
P{x) is a degree 2r -|- 1 or 2r -|- 2 polynomial. 

The curve for the scale invariant Sp{2r) theory with 2r -|- 2 fundamental quarks is [H 
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(Note that the polynomial on the right side is divisible by x.) Here the quark masses 
rrij transform in the adjoint of the SO{4r + 4) flavor group. The (pa can be taken as 
the eigenvalues of the Higgs held {(p) = diag{(/)i ,... ^(pr^ —, —(pr}- A basis of gauge 
invariant combinations of the (pa^s are the symmetric polynomials in cp"^ up to degree 2r. g 
is a fu n ction of the coupling which must go as at weak coupling. In the scale invariant 
theory (setting the masses to zero) the coupling parameter space is thus the plane; weak 
coupling is at g"^ = 0, ultra-strong coupling corresponds to the g^ = —1 singularity, while 
the Z 2 orbifold point is at = cx), since it is a hxed point of the g —> —g symmetry of the 
scale invariant curve. This shows how the low-energy effective action encodes the S-duality 
by making its parameter space isomorphic to a fundamental domain of ro(2). This has 
been the main evidence for the existence of this duality to date. 

The Coulomb branch of the scale invariant SU{r-\- 1) theory with 2r-|-2 fundamental 
quarks is described by the curve @ 


r-l-l 2r+2 

=n (3^ - + (h^ -1) n 

a=l j=l 


Here the quark masses pj transform in the adjoint of the SU{2r -|- 2) flavor group and 
satisfy the tracelessness constraint 9 j = O 5 while the singlet mass g is charged under 
the 17(1) flavor group (“baryon number”). The (pa can be taken as the eigenvalues of the 
Higgs held {(p) = diagj^i,..., subject to the constraint J^a^a ^ gciuge 

invariant combinations of the (pa^s are all the symmetric polynomials in (pa up to degree 
r-|-l. h is a f un ction of the coupling such that h ~ l-|-32e*’^^ at weak coupling. In the scale 
invariant theory (setting the masses to zero) the coupling parameter space is the plane; 
weak coupling is at = 1, ultra-strong coupling corresponds to the h? = Q singularity, 
while the Z 2 orbifold point is at h? = cx), much as in the Sp{2r) case. 
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The curves for the scale invariant SO{n) theories are quite similar, and encode the 
S-duality group in the low-energy effective action in an identical fashion. 

In order to derive these S-dualities as exact equivalences of the entire theory, we will 
need the effective action for related asymptotically free theories, obtained by starting from 
the above solutions and flowing down by turning on bare quark masses. In particular 
the curve for the asymptotically free Sp{2r) theory with 2r massless flavors is found by 
making 2r masses in (|l|) vanish and setting the remaining two masses to M —> cxo while 
keeping ~ gM^ hnite. A is the strong coupling scale of the asymptotically 

free theory. (I have chosen the hnite factor of proportionality in its dehnition for later 
convenience.) Thus the massless asymptotically free Sp{2r) theory with 2r havors has a 
Coulomb branch described by the curve 

= X (x - cfif - A^x^^“^ (3) 

a=l 

Similarly, the asymptotically free SU{r + 1) curve with 2r havors is found by setting 
2r adjoint masses to —Af, the other two to rM, the singlet mass to M + g, and taking the 
M ^ oo limit while keeping A^ = —64e*^'^M^ ~ {h? — 1)M^ hnite. The resulting curve is 

r-t-l 

= W{x-(t)af-{r + lfK^{x- (4) 

a—1 

Here I have kept a hnite singlet mass p in the asymptotically free theory for later conve¬ 
nience. 

Deriving the S-duality of the Sp, SO and SU series. 

We now have the necessary background in place to derive the conjectured S-dualities 
of the scale invariant models. I will start with the Sp series. The idea is to take the 
asymptotically free Sp{2r) theory with 2r quarks as the enlarged theory in which a scale 
invariant Sp theory will be embedded. 

We can how to a scale invariant Sp{2r — 2) theory by tuning the Higgs vevs (fa so as 
to break Sp{2r) Sp{2r — 2) x SU (2) while keeping the quarks massless in the Sp{2r — 2) 
factor. This is achieved classically by letting one of the (fa be non-zero, say (fr = Af, 
while setting the rest to zero. That this is also true quantumly can be seen by examining 
the curve (^), which should factorize into a piece corresponding to the singularity at the 
origin of the Coulomb branch of the Sp{2r — 2) factor [i.e. the scale invariant theory we 
are interested in) and a non-singular piece corresponding to the SU{2) Yang-Mills factor. 
The scale invariant singularity at the origin of the Coulomb branch for Sp{2r — 2) is simply 
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^ as can be seen by setting all the Higgs vevs and qnark masses to zero in (|^). 
Eq. d^) indeed factorizes in this way if we set (pj. — M and the rest to zero: 

[{x - - A^] . (5) 

The one dimensionless parameter at onr disposal in this tnning, namely mnst 

be identihed with the one dimensionless parameter (the conpling) of the scale invariant 
Sp{2r — 2) theory. (One can make this identihcation more explicit by leaving in hnite 
masses and Higgs vevs in the asymptotically free Sp{2r) theory, and taking A and cpr = M 
to inhnity keeping their ratio hxed. In the limit one directly obtains the scale invariant Sp 
cnrve (P with g = A^/M^.) 

We have thns derived the qnantnm conpling space of the scale invariant Sp theories 
as the complex plane. Note that oo corresponds to weak conpling since then 

the asymptotically free enlarged theory breaks in the ultraviolet. There are also two 
special points at = ±A^ where the term in square brackets in (P has a zero. These 
we identify with new (ultra-)strong coupling physics as they imply the scale invariant 
Sp{2r — 2) theory includes additional degrees of freedom at those couplings. In summary, 
the quantum coupling space of the scale invariant Sp theories seems to have one weak 
coupling and two ultra-strong coupling points. This does not match with the conjectured 
To (2) S-duality of these theories which we saw above is equivalent to having a quantum 
coupling space with one weak coupling, one ultra-strong coupling and one Z 2 orbifold 
point. 

However, the asymptotically free theory has a global (non-anomalous) Z 2 R-symmetry 
which acts on the M^-plane as ^ (be. it is spontaneously broken away from the 

origin of the Coulomb branch). The plane and hence the quantum coupling space of 
the scale invariant theory is to be divided by the action of this symmetry, which then gives 
one weak coupling point at inhnity, one ultra-strong coupling point at = A^, and a Z 2 
orbifold point at the origin. We have thus derived the S-duality of the Sp series. 

(In the case of non-zero bare masses, the Z 2 global symmetry used above is the 
one described in for SU{2). It is a subgroup of the non-anomalous Zg found by an 
appropriate combination of a global C/(l)fj, the Z 2 parity of the 0(4r) havor group, and 
a global SU{2)fi transformation. It acts on the Higgs and quark helds by (pa —^ e.^'^^‘^(pa, 
qi qi —^ qj —>• and qj —»• 

Very similar manipulations can be applied to the SO series of models. By tuning 
Higgs vevs in an asymptotically free SO{n) theory with n — 4 massless havors to give the 
scale invariant SO{n — 2) theory, one derives its conjectured S-duality group in essentially 
the same way. 

The SU series is slightly different because one must also tune a non-zero quark mass 
in the asymptotically free SU{r + l) theory with 2r quarks to hnd the scale invariant SU{r) 
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theory. Classically we achieve this breaking by tuning the Higgs vevs so that (pa = M for 
1 < a < r and (pr+i — —rM (by the tracelessness condition). In addition we must tune 
the singlet mass to /r = M to keep the 2r quarks massless. These tunings are also valid 
quantumly since upon applying them to the asymptotically free SU curve (^), and shifting 
X ^ X + M, it factorzes as 


= x"^"^ [(x + (r + 1 )M)^ — (r + 1 )^A^] , 


( 6 ) 


and we recognize the factor as the singularity of the scale invariant SU (r) theory with 
2r massless quarks. We must identify the dimensionless parameter M/A which we have 
tuned with the coupling of the scale invariant theory; one can explicitly check from the 
form of the curves that A^/M^ = 1 — h^. From the degenerations of (^) the quantum 
coupling space has a weak coupling point aX M — oo and two ultra-strong coupling points 
at M = ±A. Furthermore there is a non-anomalous Z 2 G U{l)n which acts on the Higgs 
helds as (p ^ —cp (and when appropriately combined with a global flavor rotation takes 
H —fj.), so that the M plane is identihed under M —M, giving a single ultra¬ 
strong coupling point and a Z 2 orbifold point at M = 0, thus deriving the content of the 
conjectured S-duality for the SU series. 

Deriving the SL{2,Z) duality of the SU{2) ~ Sp{2) theory. 

Though both the Sp and SU series include the SU{2) ~ Sp{2) theory with four 
fundamental quarks, their S-dualities derived above do not include the full SL{2, Z) duality 
argued to hold in this theory Q. For example, upon specializing the SU scale invariant 
curve (|^) to the SU{2) case, one hnds that the curve is invariant under the following 
redehnition of the coupling h ||^: 


U : h 


1 - h 
l + 3h 


( 7 ) 


(with an accompanying SL{2,C) transformation on the x coordinate). When combined 
with the F°(2) duality derived above, this gives rise to the full SL{2, Z) duality—namely, 
a quantum coupling space with a weak coupling point, a Z 2 orbifold point, a Z 3 orbifold 
point, and no ultra-strong coupling point. (This is easiest to see in the h plane where 
there are weak coupling points at h = ±1 and an ultra-strong point at h = 0. The F^(2) 
duality is then generated by H : h —> —h. The combined group generated by U and V is 
isomorphic to SL{2, Z).) It is clear, however, that the nonlinear transformation (^ cannot 
be realized as a global symmetry in the enlarged asymptotically free SU (3) theory. 

Nevertheless, we can deduce this nonlinear equivalence from a global symmetry in 
another way. Consider instead the SU ( 2 ) theory as part of the Sp series. We derived the 
Fo(2) duality of this model above, realizing the redehnition 


U'-.g^-g 


( 8 ) 
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of the coupling g of the Sp{2) theory as a global symmetry of the asymptotically free Sp{4) 
theory. Now, the equivalence of the scale invariant SU (2) and Sp{2) curves (|^) and (j^) 
implies that their coupling parameters must be related by 


^ + 1 


3g-l 


( 9 ) 


(See 0 for details, especially section 3.4.) Combining (^) with gives (^, and thus 
derives the full SL{2,Z) duality of the SU{2) ~ Sp{2) scale invariant theory. Thus, by 
enlarging the SU{2) theory in two different ways, different generators of its S-duality 
group are realized as global symmetries which together generate the full group. This can 
be understood pictorially by noting that the intersection of the fundamental domains of 
To(2) and r°(2) in £g. 1 is a fundamental domain of SL{2, Z). 

It is a pleasure to thank A. Buchel and A. Shapere for many helpful discussions. This 
work was supported by NSF grant PHY-9513717. 
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